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Abstract. We introduce classes of one-parameter families (OPF) of operators on (C) which characterize 
the behavior of operators associated to the 9-problem in the weighted space L 2 (C,e~ 2p ) where p is a 
subharmonic, nonharmonic polynomial. We prove that an order OPF operator extends to a bounded 
operator from L q (C) to itself, 1 < q < oo, with a bound that depends on q and the degree of p but not 
on the parameter r or the coefficients of p. Last, we show that there is a one-to-one correspondence given 
by the partial Fourier transform in r between OPF operators of order m < 2 and nonisotropic smoothing 
(NIS) operators of order m < 2 on polynomial models in C 2 . 



1. Introduction. 

The goal of this paper is to introduce classes of one-parameter families (OPF) of operators on C which 
characterize the behavior of kernels associated to the weighted 9-problem in C. The need for OPF operators 
stems from problems associated to the inhomogeneous cVequation on polynomial models in C 2 and the 
9-problcm in weighted L 2 spaces in C. A polynomial model M is the boundary of an unbounded weakly 
pseudoconvex domain of finite type of the form {(2:1,2:2) G C 2 : Imz2 > p{ z i)} where p is a subharmonic, 
nonharmonic polynomial. M ~ Cxi and db, defined on M, can be identified with the vector field L — 

~ St- Under the partial Fourier transform in t, the vector field L becomes 

^ = T* +r % (L1) 

oz az 

which we regard as a one-parameter family of differential operators acting on functions defined on C. OPF 
operators will be defined so that Z rp and Z Tp = —Z* p — ^ ~ r ff arc the natural differential operators 
under whose action OPF operators behave well. 

When r = 1, the differential operator Z p = ■§= + §§ has been well studied |Chr9H lBer96l IRai05l lRai06] . 
Christ Chr91 and the author [Rai05l [R ai06j expressly cite the study of db on polynomial models as motiva- 
tion to study the 9-problem on weighted L 2 in C. In Section lTTTl we review the equivalence of the 9-problem 
in L 2 (C,e~ 2p ) with the Zj,-problem, Z p u — /, in L 2 (C). When p is a subharmonic function satisfying mild 
hypotheses on Ap, Christ |Chr91| solves the equation Z p u = f on L 2 (C) via the complex Green operator 
G p for Dp = —Z p Z p where Z p = —Z p = — ff ■ Both G p and the relative fundamental solution Z p G p are 
given as fractional integral operators. Also, Christ shows that if Y a is a product of length 2 of operators of 
the form Y = Z p of Z p , then Y a G p is bounded on L 9 (C), 1 < q < 00. When r = 1, G p serves as a model for 
an order 2 OPF operator, while Y a G p serves as model for an order OPF operator. Christ and the author 
RaiO^] find pointwise estimates of the integral kernel of G rp and its derivatives (Christ in the case r = 1 
and the author for r > 0), and the author (Rai06| finds cancellation conditions for G Tp and its derivatives 
when r > 0. Similarly to the ordinary Laplace operator, D p is a second order, nonnegative elliptic operator, 
and there is a strong analogy between G p and the Newtonian potential N on C. Both invert "Laplace" 
operators, and if D 2 is a second order derivative, D 2 N is a Calderon-Zygmund operator and bounded on 
L q , 1 < q < 00. In Theorem 12. II we will see that order OPF operator is bounded in L q , 1 < q < 00. 

1.1. Connection of Z Tp with du = / on weighted L 2 . Hormander's work |Hor65j on solving the inhomo- 
geneous Cauchy-Riemann equations on pseudoconvex domains in C n . Hormander's methods, now classical 
in the subject |Hor90j . rely on proving that if diam(f2) < 1, there is a solution to du — f satisfying in 
L 2 (fl,e~ 2p ) satisfying the estimate J n \u\ 2 e~ 2p dz < J Q \f\ 2 e~ 2p dz. Using the techniques of Hormander, 
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Fornaess and Sibony |FS91| generalize the L 2 estimate to an L q estimate, 1 < q < 2, and prove that du = f 
has a solution satisfying: (J" fi \u\ q e~~ 2p dz) " < -^-j (J n \f\ q e~ 2p dz) q . They also show that the estimate fails 
if q > 2. Berndtsson Bcr92 builds on the work of Fornaess and Sibony and shows an L q -l} result. He 
shows that if diamSl < 1 and 1 < q < 2, then du = f has a solution so that || p || < || p - 
Berndtsson also proves a weighted estimate when q > 2. 

In |Chr91| . Christ recognizes that it is possible to study the 9-problem in L 2 (C, e~ 2p ) by working with 
a related operator in the unweighted space L 2 (C). If du = f and both u, — e p u and / = e p f are in 
L 2 {C,e- 2p ), then §§ = / e~ p ^e p u = f. However, e~ p ^e p u = Z p u. Consequently, the 9-problem 
on L 2 (C,e~ 2p ) is equivalent to the Z p -problem, Z p u = f, on L 2 (C). Berndtsson |Ber96| solves Z p u = f on 
smoothly bounded domains in C and views D p from the viewpoint of mathematical physics. He writes D p as 
a magnetic Schrodinger operator with an electric potential and his estimates follow from Kato's inequality, 
a result from mathematical physics. The author Rai05 solves the heat equation associated to O p and uses 
techniques both from mathematical physics and the solution of the Db-heat equation on polynomial models 

in c 2 [NsnT]. 

1.2. The relationship between NIS and OPF operators. For computations involving db on both 
polynomial models in C 2 and the boundaries of other weakly pseudoconvex domains of finite type in C™, 
nonisotropic smoothing operators (NIS) operators have played a critical role in the analysis of the relative 
fundamental solutions of □& and related operators. Nagel et al. .NRSW89 introduce NIS operators while 
analyzing of the Szego kernel on weakly pseudoconvex domains of finite type in C 2 . Nagel and Stein use 
properties of NIS operators in their analysis of the heat kernel on polynomial models in C 2 |NS01| and both 
the relative fundamental solution of and the Szego kernel on product domains and decoupled domains in 
C ra |NS04llNS^ . A motivation for developing NIS operators is that the class of NIS operators have invariances 
that individual operators do not. NIS operators are invariant under translations and dilations, derivatives 
of NIS operators are again an NIS operators, and order NIS operators have desirable mapping properties, 
namely L p -boundedness |NS04j . 

In |NS01| . Nagel and Stein solve the l__Vheat equation ^ + DbU = with initial condition u(0, a) = f(a) 
where s £ (0, oo) and a £ CxK. They write their solution using the heat semigroup e~ s0b and in turn express 
e~ [/] as integration against a kernel called the heat kernel. NIS operators are one of the workhorses of 
their arguments because as a class of operators, NIS operators (1) commute with vector fields L and L*, (2) 
remain invariant under translations and scaling, and (3) change products of arbitrary compositions of L and 
L* to a composition of a power of with a well-controlled NIS operator. The analogy of NIS operators 
with Calderon-Zygmund operators is strong. For example, (3) is analogous to writing an arbitrary derivative 
as the composition of A* for some k with a Riesz transform. 

A goal for OPF operators is to play the analogous role for objects associated to the operators Z Tp and 
Z Tp as NIS operators do to objects related to db and &l defined on the boundaries of weakly pseudoconvex 
domains in C 2 . In Rai05, Rai06 , the author solves the H-Vp-hcat equation for r £ R, i.e. he solves the 
equation ^ + D Tp u — with initial condition u(0, z) — f(z). The solution is written as integration against 
a kernel, called the heat kernel which is shown to be smooth off of the diagonal {(s, z,w) : s — and z = w}. 
Also, the author finds pointwise decay estimates for the heat kernel and its derivatives. OPF operators play 
a fundamental role in these articles. They are an essential tool in the regularity arguments and the derivative 
estimates. Also, the ability to scale an OPF operator and stay withn the class of OPF operators is crucial 
in the time decay estimate of the heat kernel e - " ^ . 

2. Main Results. 

Theorem 2.1. If T T is an OPF operator of order 0, then T T , T* are bounded operators from L q (C) to 
L q (C), 1 < q < oo, with a constant independent of r but depending on q. 

Also, the classes of OPF operators fulfill the promise of being an analog to NIS operators. We can use 
results about OPF operators to study NIS operators and vice versa. We have the theorem: 

Theorem 2.2. Given a subharmonic, nonharmonic polynomial p : C M, there is a one-to-one correspon- 
dence between OPF operators of order m < 2 with respect to p and NIS operators of order m < 2 on the 
polynomial model M p = {(zi,^) £ C 2 : Imz2 = p(zi)}. The correspondence is given by a partial Fourier 
transform in Re zi . 
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3. Notation and Definitions. 

3.1. Notation For Operators on C. For the remainder of the article, let p be a subharmonic, nonharmonic 
polynomial. It will be important for us to expand p around an arbitrary point z £ C, and we set: 

1 d j+k v 

- P (z). (3.1) 



lk j\k\ dzWz k 

We need the following two "size" functions to write down the size and cancellation conditions for both OPF 
operators and NIS operators. Let 

A(M)= E \ a %\ §j+k ( 3 - 2 ) 
j,k>i 

and 

»(z,6)= inf , 1 n . (3.3) 

It follows n(z,8) is an approximate inverse to A(z, 5). This means that if 8 > 0, 

/x(,z, A(«, 5)) ~ 5 and A(2,/i(z, 5)) ~ <5. (3.4) 

We use the notation a < 6 if a < C6 where C is a constant that may depend on the dimension 2 and the 
degree of p. We say that a ~ 6 if a < 6 and b < a. 

A(z, 6) and <5) are geometric objects from the Carnot-Caratheodory geometry developed by Nagel et 
al. |NS W85| [Nag86|. The functions also arise in the analysis of magnetic Schrodinger operators with electric 
potentials jSheflfil ISheflfll IKurOOl iPTalOSl IHaiOBj . 

Denote the "twist" at w, centered as z by 

r(»,z) = -2ta|£lg(2)<«,- 2 )i 

•IS^gwf— v --Ejigwtt ) ■ (3-5) 

Also associated to a polynomial p and the parameter te! are the weighted differential operators 

_d_ dp_ -rpdP rp z -jL_ T ?l- e Tp?P e -Tp 

oz oz Oz Oz Oz oz 

We need to establish notation for adjoints. If T is an operator (either bounded or closed and densely defined) 
on a Hubert space with inner product (■,■), let T* be the Hilbert space adjoint of T. This means that 
if / £ DomT and g £ DomT*, then (Tf,g) — (/, T*g). The Hilbert spaces that arise in this paper are 
L 2 (C) and L 2 (C x R). Since the L 2 -adjoints of Z Tp and Z Tp are different than their adjoints in the sense of 
distributions, for clarity we let W Tp and W Tp be the negative of the distributional adjoints of Z Tp and Z Tp , 
respectively. Thus, 

__d__ dp_ Tp dp TP W -JL +T ^P- e -rp?P e Tp 

yy rp.w — n _ ' n - — e o- e " rp.w — n ' ' o — e n e ' 

aw aw aw aw aw aw 

We think of r as fixed and the operators Z TPtZ , Z Tp . z , W Tp . Wl and W Tp . w as acting on functions defined on 
C. Also, we will omit the variables z and w from subscripts when the application is unambiguous. Observe 
that (Z Tp ) = W Tp and (Z Tp ) — W Tp . Finally, let 

M Tp = e iTT ^^-e- iTT ^ z \ 

OT 
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3.2. Definition of OPF Operators. Let p be a subharmonic, nonharmonic polynomial. We say that T T 
is a one-parameter family ( OPF) of operators of order m with respect to the polynomial p if the following 
conditions hold: 

(a) There is a function K T G C°°f((C x C) \ {z = to}) x (R \ {0})) so that for fixed r, # T is a 
distributional kernel, i.e. if (p,ip G C£°(C) and supp y> n supp ^ = 0, then T T [y>] G (C£°)'(C) and 

(T T [<p](>), V')c = // K T (z,w)ip(w)tp(z)dwdz. 

J JCxC 

(b) There exists a family of functions K T>e (z, w) G C°°(C x C x R) so that if 93 G C C °°(C x M), 



^eMcxi^iT) = / ip(w,T)K T}e (z,w)dwdT 

JCxR 

and lim e ^ K T , e [^] CxR (z) = K T [(p]c*u(z) in (C~)'(C X R). 

All of the additional conditions are assumed to apply to the kernels K T , e (z,w) uniformly in e. 
(c) Size Estimates. If Y^ p is a product of \ J\ operators of the form Y-! — Z TPtZ , Z TPtZ , W Tp ^ Wl W Tp . w , 
or M Tp where \ J\ = I + n and n = #{j : YJL — M Tp }, for any k > there exists a constant Gt >n ,k 
so that 



to < 2 
= 2, 

= 2, |w - z\ > /j,(z, i) 



|y^ T , e (z,«;)| < g^ , T |J +fcA( ,' | w _ z[)fc if < '" = ^ •'«■ - I <•<■<» 

Also, if to = 2 and \w — z\ < /i(z, i), then 

|Af^Jr Tje («,«;)| <cj ^T^J n (3.7) 
|rh n n>l 



(d) Cancellation in w. If is a product of operators of the form Y^ p — Z TPjZ , Z Tp ^ Zj W Tp ^ w , W rp ^, 
or M Tp where | J — £ + n and n = #{j : Yj?-, = M Tp }, for any k > there exists a constant C, 



£,n,k 



and A^ so that for ip G C c °°(D(zo, 5)), 



sup 

zee 



TV 

c 



y/ p A: T!e (2:, w)<p(w) dw 

(log(^i2)||^|| ioo(c)+ J2 sW]\X^(w)\\ L 



1<\I\<N " / q\ 

m-« ("J-oJ 



SlI{ ll X r P ^|| L oc (c) otherwise 



\T\ k A(z,S) k ■ 

|I|<JV< 



where X\ p is composed solely of Z Tp and Z^. 

(e) Cancellation in t. If AT/ p is a product of |J| operators of the form = Z Tp _ z , Z Tp ^ z or W TPtW , W TP:W 
and I J I = n, there exists a constant C„ so that 

X Tp (e K T Az,w)) dT<Cn Kztt + nWtZ)n + nWtZ)y 0.9) 

(f) Adjoint. Properties (a)-(e) also hold for the adjoint operator T* whose distribution kernel is given 
by K T>e {w,z) 

Note that for the r-cancellation condition (|3.9|) . we do not need to consider the case Xl p = M Tp since 
f m -§f(^ t+T ^ z)) K T , e (z,w))dT = 0. 

In the size condition (c) and cancellation condition (d), the r k A(z, \z — w\) k and T k A(z, 6) k terms indicate 
rapid decay. If OPF operators are to be partial Fourier transforms of NIS operators on polynomial models, 
rapid decay should not be surprising; it is consequence of being able to integrate parts from the Fourier 
transform formula. This will be seen explicitly in Lemma 16.31 Ignoring the rapid decay terms, the size 
and cancellation conditions of OPF operators are familiar. An order 2 OPF operator should "invert" two 
derivatives, like the Newtonian potential. In R 2 , the Newtonian potential has a logarithmic blowup on the 
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diagonal, just like an order 2 OPF operator. For an order OPF operator, the blowup on the diagonal is the 
same as a Calderon-Zygmund kernel, and the decay of K T (0,z) is |z| -2 , the same as a Calderon-Zygmund 
kernel. For the cancellation conditions, if tp is "normalized" appropriately, the cancellation condition Ij3.8|l 
simplifies to 

\\Y T J p T T [ v }\\ L ~ {c) <V. 

This is reminiscent of cancellation of a Calderon-Zygmund operator or an NIS operator. 

3.3. Notation for Carnot-Caratheodory geometry and Vector Fields on Cxi. In order to write 
down the definition of an NIS operator on a polynomial model in C 2 , we need to establish notation for 
the Carnot-Caratheodory metric p and corresponding balls Bni((z, t),S). If M p is a polynomial model 
in C 2 given by M p = {(2:1,22) £ C 2 : Imz 2 = p{z\)}, then M p = Cxi Under the isomorphism, 
a representation of the Carnot-Caratheodory metric is the nonisotropic pseudodistance p((z, t), (w, s)j = 
\z — w\ + fx{z, t — s + T(w, 2)) where (2, t), (w, s) G C x R. Since p{(z, i), (w, s)) is a function of z, w, and 
t — s, we define a new function 

cIni(z, w, t) = \z — w\ + p(z, t + T(w, 2)). (3.10) 

We will see that d,Ni{z,w,t) is essentially symmetric in (z,w). The nonisotropic ball 

B NI ((z,t),S) = {(w, s) : d NI (z,w,t- s) < 5}. 

We also define a volume function 

V N i((z,t), (w,s)) = \B N i((z,t),d N i(z,w,t - s))| - d N i(z, w,t - s) 2 K{z,d NI (z,w 7 t - s)). 

That the volume function is comparable to dpfi(z, w,t — s) 2 A(z, diyi{z, w,t — s)J follows from 13. 4|) . 

If r is the transform variable of t, observe that under the partial Fourier transform in t, Z Tp and Z Tp map 
to the vector fields 

- d dp d d dp d 
— ^ — jj — -j- % — 

z dz dz dt z dz dz dt 

while W Tp and W Tp map to the vector fields 

^ d .dp d d .dp d 

w dw dw dt w dw dw dt 

As we know from Section^] db (defined on M) becomes the operator L z on C x R. It follows that — L z is the 
Hilbert space adjoint to L z in L 2 (C x R). The translation invariance in t causes many operators of interest to 
have a convolution structure in t. A consequence is that if we have a function f\ (z, t), (w, s)) = f(z, w,t — s), 
we may study f{z,W, t). By the chain rule, C w and C w are the versions of L z and L z in the w-variable. 
Finally, let 

M = -i(t + T(w,z)). 

3.4. NIS operators on polynomial models in C 2 . There are different notions of NIS operators (e.g. 
|NRSW89llNSni] ). We use the definition from |NRSW89j . 

Definition 3.1 ( Nonisotropic Smoothing Operator of order m). Let 

T[f](z,t)= f T((z,t),(w,s))f(w,s)dwds, 

JCxR 

where T{(z,t),(w,s)) is a distribution which is C°° away from the diagonal. We shall say that T is a 
nonisotropic smoothing operator which is smoothing of order m if there exists a family 

T Af\( z i t )= j T £ ((z,t),(w,s))f(w,s)dwds, 

JCxM 

so that: 

(a) T e [f] -> T[f] in C°°(C x R) as e -> whenever f £ C^°(C x R); 

(b) Each T e ((z,t), (w,s)) G C°°((C x R) x (C x R)); 
The following two conditions hold uniformly in e: 
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(c) If X 1 = Xi ± Xi 2 ■ ■ ■ X] k where X^. — L z , L w , L z , or L w , then 

\vlrr(( *w \\\ s d NI (z,w,t- s) m -W 

\X T e ((z,t),(w,s))\ < C|/| -j- rr J (3.11) 

V({z,t),{w,s)) 

(d) For each I > 0, there exists an N = Nt so that whenever ip is a smooth (bump) function supported 
in B NI ((z,t),5), 

\X* T[tp}(z, t)\ <C e 6 m ~ e sup J2 ^\X J [ip](w,s)\, (3.12) 
w ' s \J\<N e 

\l\ = I; 

(e) The same estimates hold for the adjoint operator T* , i.e. the operator with the kernel T {(w , s) , (z , £)) . 

4. Properties of T(w,z). 

To prove Theorem 12 . II and Theorem 12.21 we need to understand the "twist" T(w,z) and how it behaves 
under differentiation. 

Proposition 4.1. 

T(w,z) = —T(z,w). 



Proof. Since p(z) = £\ k j^ gJd^ W( z ~ W Y ( z ~ w )" > we have 



3>t 
k>0 



Since p is E- valued, the twist [Equation Ij3.5|l ] T(w, z) = — 21m (J2i>o h.Tn( z )( 



[w — z , so 



£>0 



l^jAl^^^\WdzTd¥ {w){z - w) {z - w) \ {w - z) 

e>o \ $>t w y J 

\ fc > 



fc>0 



\ - 1 d k p ,k x 1 dip 

fc>0 i>o J 

The second to last line uses the identity Yle=o (^)(— 1) £ = ^o(j)- The result follows easily. □ 
Corollary 4.2. 

d N i(z, w, t) ~ d N i(w, z, t). 

Proof. This is a well known fact ( |NS W85l |Nag86| ) , but we are in a situation where the computations can 
be explicit. We sketch a proof. If r = \t + T(w, z)\, it follows from from Proposition ^. II that it is enough to 
show that 

\z — w\ + fi(z, r) ~ \z — w\ + fj,(w, r). 

If/i(z,r) < \z — w\ and fi(w, r) < \z — w |, there is nothing to prove, so (without loss of generality) assume that 
/i(z, r) > [jar — w\. By expanding p(z) around w and p(u>) around z, it can be shown that A(z, 5) ~ A(iy, (5) 
if 5 > |u) — z|. Thus, we see 

A(w,/^(z,r)) ~ A(z,fi(z,r)) ~ r, 
and it follows that fj,(z,r) ~ fj,(w,r). □ 

The next proposition contains two useful, though simple, computations. 
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Proposition 4.3. 



and 



dT 



(w,z) 



dT 



■ dp, , 
dz 



■ dp, s. 



j\ dzdzi 



Z Z^-T77-77=(2)^-^. 



j! dz^dz 



Proof. The proof is a short computation 
dT 



dz 



(w,z) 



deg(p) 

E 

i=i 



(i-1)!^ 



(z)(w-z) 



3-1 



deg(p)-l 

E 

3=1 



i <^+v 

j! dzdzi 



{z){w - z) 



dz 



3>1 



j! dzdzi 



valued, = 757(^,2:) 

□ 



since the first sum cancels all but the first term of the second sum. Since T is 
which gives the result for the second sum. 

A useful consequence of these calculations is 

Proposition 4.4. Let y J be a product of \ J\ operators of the form yi = L z , L z , C w , C w . Then 



\y J (t + T{w,z))\<C vn 



A(z,d NI (z,w,t)) 



d N i(z,w,t)\ J \ 

Before we prove the Proposition ^. 41 we note that the result would be false if we replaced t + T(w, z) with 
t or T(w, z). Without both terms, there would be uncontrolled derivatives of p remaining after applying y j . 



Similarly, L z (t 



Proof. We have L z (t + T(w,z)) = f>, z) + iff(z) = -i T,j>i j.^Mfi™ ~ *)* 
T(w, z)) = i X)j>i J\ ^ dz^dz* ( w ~ Z V ■ Analogous equalities (with z and w interchanged and the sign switched) 
hold for C w (t + T(w, z)) and C w (t + T(w, z)) since 



C w (t + T(w,z)) = ^ 
dp 



d_ 

dw 

l d^ {w) + ^ W > 



. dp d 
dw dt 



(t-T(z,w)) 
. dp d 



.dp. . 
' l d^ {w) 



dT ( 

dw 



z,w) 



d_ 

dw 



dw dt 



(t + T(z, w)) = -L w (t + T(z, w)) 



and C w (t + T(w, zu = —L w (t + T(z, w)). But 



\- 1 &+ l p{z) 

i^jr^zidz- {w - z) 

3>1 J 



< Cl 



A(z,d NI (z,w,t)) 
dNi(z,w,t) 



Higher order derivatives are easier. As we just showed, the result of applying y 1 to t + T(w, z) leaves a 
polynomial that is a sum of derivatives of Ap (and hence well controlled). There are no t terms remaining, so 
if j > 2, applying yi is a matter of applying one of: Jj, -gL, . Hence, the computation is simpler, and 
it can be done naively, i.e. there is no need to find any cancelling terms (which in general are absent). □ 



5. L q BOUNDEDNESS OF ORDER OPERATORS. 



We are now ready to begin the proof Theorem 12. II The idea is to show that e ~ lrT ( u '> z ) K TiC satisfies the 
bounds of a Calderon-Zygmund kernel and the operator S T with kernel e~ lTTtyW ^K T%ti is restrictly bounded. 
These two facts, proven in Lemma HTT1 and Lemma f5. 21 respectively, show S T satisfy the hypotheses of T(l) 
theorem Ste93 . Consequently, S T is a bounded operator on L q (C). A result by Ricci and Stein [R.S87 
applies to pass from L q (C) boundedness of S T to L q (C) boundedness of T T . 
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Lemma 5.1. Let T T be an OPF operator of order m < 2 with a family of kernel approximating functions 
K Te . For k > 0, there exists C k independent of t so that K T ^{z,w) satisfies: 



(a) 

V z , w (e-" T ^^K T ^z,w)) 
(b) If2\w ~ w'\ <\w- z\, then 



<C k 



\w — z\ 



m — 3 



e- iTT( - w '^K T , e (z, w) - e- iTT ( w '^K T , e (z, w') 
(c) If2\z - z'\ <\w- z\, then 

e- trT(w ^K T . e (z, w) - e- lTT(w ' z,) K T . e (z', w) 
Also, the constants are uniform in e. 



<C; 



\r\ k A(z, \w - z\) k 

\w — w'\ 



\w - z\ 3 - m \r\ k A(z, \w - z\) k 



<C k ; 



\z — z 



13 — m\--\k 



A(z, \w - z\) k 



(5.1) 



(5.2) 



(5.3) 



Proof. It is immediate from the Mean Value Theorem that l|5.1|) implies (|5.2|) and l|5.3|l . To prove (|5.1|l , we 
use Proposition 14. 31 and compute: 



oz \ J oz oz 

d, 

dz 



dT 



dz 



Using the size estimate (|3.6|) . 



dK T . e dp s—^ 1 d 3+1 p rj 

(z,w) - T—{z)K T ^(z,w) -t —-^7^—{ z )( w - z ) K T ^(z,w). 



3>1 



d_ 

Oz 



(e- iTT ^K T , e {z,w)) 



< Z Tp K T , e (z, w) + rA( . Z ' |w . z[) K T ^z, w) 



<C k 



\w — z\ r 



|r| fc A(z, \w — z\ 



A virtually identical calculation shows 

(e- irT ^K T , e (z,w)) 



d_ 

dz 



\m— 3 



<c k 



|T| fc A(z, \w — z\) k 



which proves |J| {e~ 1TT ^ w ' z ^ Kr^z, w)) | satisfies the bound in (S3) - The bounds for the w and w deriva- 
tives, (e~ lTT ( w,zS> K Tit {z, w)) | and |^- (e~ lTT ( w ' z )K T ^(z, w)) | , use a repetition of the calculations just 
performed and the identity e - lTT 0> 2 ) = e irT(z,w) ( wn j cn follows from Proposition 14. □ 



We now restrict ourselves to the case m = 0. Given an family T T of order 0, define a related family of 
operators S T so that if K T (z, w) is the kernel of T T , the kernel of S T is given by e- iTT ^K T (z, w). We have 
the following: 

Lemma 5.2. S T and S* are restrictly bounded uniformly in t, i.e. if if € C^°(-D(0, 1)), ||<p||cjv ^ 1 [where 
Nq is the constant from the cancellation condition 1)3. 8|l ] and ip R ' z °(z) — ip( z ^° ), then 

\\S t ^ R ' Z0 )\\lhc) < AR, \\(Srn<P R ' Z0 )\\LHC) < AR (5.4) 
with the constant A independent of r . 
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Proof. From the adjoint condition (f), it follows that we only have the prove the restricted boundedness of 



\\StA<p 



R,z \ 



dz 



< 



\z-z \<2R 



dz 



>\z-z \>2R 
I + 11. 



e- iTT ( w >^K Tte {z, u;)vj(2=ai) dw 



dz 



We estimate / first. By the cancellation condition (13.81) 

K T , e (z,w) (e- iTT ^ip{^)) dw 



< C 



N 



_-J-____- sup Y i?l J l Y'(e-^ a ^<p{!Zjp)) 

max{l,\r\ N °A(z,R) N °} w / c t p\ R ') 

\j |<.iVo 



We claim RW \Y* p ( e tTT< - z ^ip(^^ )) | < C w max{l, \t\^A{z, i?)l J l}. To see this, we first do the case 
F/ p = Z Tp w . ft follows from Proposition ^. II and Proposition 14.31 that 



/ x p iTT(z,w) f),- 



J Tp,W 



+™" T( ""»E^(»)<^)V(^). 



3>1 



Hence, \Z Tp , w ( K e lTT ^ z ' w ' l ip{ w ^° )) | < ^ (1 + tA{z,R)). Iterating this argument proves the claim. Thus, for 



\z-Zo\ < 2R, 



and 



K T . e (z, w ) e - lTT( - w ^ip{^=^) dw 



<C, 



KG 



dz < AR. 



l\z-z \<2R ) 

When \z — z \ > 2R, \z — z \ ~ \z — w\ for w 6 supp (p(^ 2 -), so 



II <C 



1 



-z \>2R \ z ~ z o| 



^(H^£o) dw) dz] < CR 2 



r>R 



dr < AR. 



□ 



The final ingredient we need to prove Theorem 12.11 is a result by Ricci and Stein |RS87| . 

Theorem 5.3 ((Ricci-Stein)). In W x E n , let K{- , •) satisfy the following: 

(a) K(- , •) is a C 1 function away from the diagonal {(x, y) S R n x R™ : x — y}, 

(b) |VK(a;,y)| < A|x - y^ 1 for some A>Q, 

(c) the operator / >— > / K(x,y)f(y)dy initially defined on C^°(R") extends to a bounded operator on 
L 2 (R n ). 

If P : 1™ — > R" is a polynomial, then the operator T defined by 

T[f](x)= I e lP ^K(x,y)f(y)dy 
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can be extended to a bounded operator from L q (M. n ) to itself, with 1 < q < oo. The bound of this operator 
may depend on K, q, n and the degree d of P but is otherwise independent of the coefficients of P. 

Proof of Theorem\gl\ The first step of the proof is to use the T(l) Theorem (p. 294 in |Ste93j 1 on S T . The 
T(l) Theorem says that if S is a continuous linear mapping from S to S' satisfying (|5.2|l and 1|5.3|) (when 
k = 0) and S and S* are restrictly bounded in the sense of H5.4J) . then S extends to a bounded linear operator 
from L 2 to itself. In our case, this means S T extends to a bounded linear operator. However, since all of the 
constants in Lemma 15. II and Lemma l5.2l are independent of r, it follows that S T is a bounded linear operator 
from L 2 to itself with constants independent in r. 

Next, S T satisfies the hypotheses of Theorem 15.31 so T T is a bounded linear operator from L q to itself 
for 1 < q < oo with a constant independent of r but possibly depending on the L q constant of S T and the 
degree of tT (which is < degp), both of which are independent of r. □ 

6. Equivalence with NIS operators. 

We now generate an OPF operator T T from an NIS operator T on a polynomial model M p . Let k(p, q) 
be the kernel of an NIS operator T. On Cxi, each kernel k can be associated with a kernel k by setting 

k(z,w,t — s) = k((z,t), (w, s)). 

The convolution structure in t follows from the property that a polynomial model is translation invariant in 
t = Rez2. Thus we have (for appropriate ip), 

T[ip](z, t) = j k((z,t), (w, s))ip(w, s) dwds = / k(z,w,t — s)ip(w, s) dwds. 

We set 

K T (z,w)= I e- lTt k{z 1 w 1 t)dt (6.1) 
Jr 

and observe we also have 

k(z, w, t) ~ — / e ltr K T (z,w) dt. 
2?r J r 

The integrals representing K T (z,w) and k(z,w, t) do not necessarily converge. For a tempered distribution 
T and a Schwartz function ip, we know that if T represents the partial Fourier transform in t, by definition, 
(J-T,(p) — (T,J-ip). As an integral, this corresponds to: 

(J~T, Lp) = i k(z,w,t) / e~ ltT Lp(w,T)dTdwdt = / / k(z,w,t)e~ itT dtip(w,r) dwdt. (6.2) 
JCxR Jr Jcxrjr 

We make sense of (|6.1|) by the string of equalities in (|6.2|l . and we say the integral J w k(z,w,t)e~' lt ' r dt is 
defined in the sense of Schwartz distributions. We similarly justify writing k(z, w, t) = j- J R e ltT K T (z, w) dr. 
If one of (or both of) the kernels is actually in L 1 (M) (in t or r), then the integral defined in the sense of 
Schwartz distributions agrees with the standard definition. 

6.1. An NIS Operator on CxM generates an OPF operator T T on C. 

Theorem 6.1. An NIS operator T of order m < 2 on a polynomial model M p — {(21,22) G C 2 : Imz2 = 
p(zi)} generates an OPF operator T T of order m with respect to the polynomial p. 

Remark 6.2. The approximation conditions, (b) in the definition of OPF operators and (a) in the definition 
of NIS operators, imply one another since a partial Fourier transform is a continuous operator on the space 
of Schwartz distributions. Also, the adjoint conditions (f) from OPF operators and (e) from NIS operators, 
allow us to focus only k and K T as the computations will automatically apply to k* and K* . 

Theorem 16. II is proved in a series of lemmas. We first show that if k is an NIS operator of order m < 2, 
then K T is the kernel for a family T T of operators on C. 

The proof that K T e satisfies the size conditions (|3.6f) and (|3.7|) is broken into two lemmas. We handle the 
m < 1 case and the m = 2 case. 

Lemma 6.3. If m < 1, the kernel K Tje satisfies the size condition (j3.6|l . 
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Proof. It is enough to assume 



yj _ M n = AtT(w,z) dn -i-rT(w,z) 

1 t P 1v± t P c dr n 



where \J\=n. Let n G C C °°(R) so that n = 1 on [-1, 1], < 7? < 1, and \rj^\ < c„. Also, let rj A (t) = r/(t/A). 
We will estimate 

X e— ( t+T <-^»fc e (z, io, t) VA (t) dt, 

and i|3.6[) will follow by sending A — > oo. The integral is compactly supported and the integrand is smooth, 
so we can apply the derivatives inside of the integral. Integrating by parts (n + k) times shows 

r iT(t+T(w,z)) ^ + T ( W) z ))"fc e ( Z) W; t )rj A (t + T(w, z)) dt 



| r |n+/c 
W\n+k 



- %T(t+ ™ ] §^k((t + T(w, z)Yk e (z, w, t)n A (t + T(w, z))) dt 

E c i£j ((* + T ( w < w, i)) r?i n+fc - j) (t + !>, z)) 



s -ir(t+T(tu,z)) 



< Cn+k V / A( 



{ Zl \w-z\) n - l -i 



w — z 



\m-2 



1 



'|t+T(tu,z)|<A(z,|«>-z|) 



j\n+k-j 



dt 



1 



|< + T>, z)|- ^(z, |* + T(w, z)|)™- 2 __ 

/A(z,|™-z|)<|t+T(iu,z)|<2>l A J 

l{ j — n + k, then 

' ; K{z,\w - z^- 1 -^^^ - z\ m - 2 dt 

t+T(w,z)\<h(z,\w-z\) 



dt 



\n+k 



\n+k 



\i+T{w,z)r^^{z^ + T{w 1 z)\r- 2 ^^r 1 (i±^)dt 



A(z,\w-z\)<\t+T(w,z)\<2A 



w — z 



m-2 



~ Cn+k '\T\ n + k A(z,\w - z\) k 



\w — z\ 



|n+fc 



t + T(w, z)\^ k fi(z, \t + T(w, z)])- 1 dt. 

A(z,\w-z\)<\t+T(w,z)\ 
1 



Using the substitution s = /i(z, \t + T(w, z)\) , |§§ | ~ ^^t+T^^Mt+nw^ 



so 



|w — z|' 



|n+fc 



\t + T(w, z)\- 1 - k ^i{z, \t + T(w, z^y 1 dt 

\{z,\w-z\)<\t+T{w.z)\ 



\m — 1 



1 



|m-2 



|r|™+ fe ./ w < i A(z,±) 



If j < n + k, then using the support condition of jj^ (i + T(tu, z)) that |i + T( 
simplifies to 



|T| ,l+fe A(z, \w - z\) k ' 

)| ~ A, the estimate 



A(z, \w- z\) n ^\w- z\ 



m-2 



1 



t+T(>,z)|<A(z,|tt>-z|) 



dt 



+ 



1 

In+fe 



\m-2 



1 



\t + T(w, z)| n ~ ^(z, \t + T(w, z)\)- -—^—V 

A{z,\w-z\)<\t+T(w,z)\<2A 

1 a-Vi ir- : )"-' „■ - z\ m - 2 -^— + c n+k A n - 1 ^ ( i(z,A) m - 



(n+k-j) ^ t+T(w,z) ^ ^ 



j^n+k-j ' ^n-^K-"- ^v~i J -v j^n+k-j + 1 

This complete the proof for m < 1. 

Lemma 6.4. If m = 2, the kernel K T e satisfies the size conditions (|3.6|l and <|3.7[) . 
Proof. As in Lemma lfi.41 we can assume that 



0. 



□ 



Y' = M n = e~ 



, d n 
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where \J\ = n. 

We first show the case fi(z, -) > \w — z\ and assume n = 0. From the definition of NIS operators, 

Mz,w,t)\ < a(z ,\w — z\)+\t+T (w ,z) and llK*> w >*)l < a(z,\w-z\ )'+ 1 t+T(w,z) p ■ Since fc ^ is not mtcgrable on 
R, we need to integrate by parts to obtain an estimate on K Ti€ . However, since \w — z\ is small, we need to 
be careful to integrate by parts as few times as possible and then only for large t. Let A be a large number. 



\t+T(w,z)\<-A 



e- lrt k e (z,w,t)dt 



< 



e - lTt k e (z,w,t)dt 



\t+T(w,z)\<A(z,\w-z\) 



lHz,\w-z\)<\t+T(w,z)\<-fc 
<1+ ' 



e- lTt k e (z, Wl t)dt 



^<\t+T(w,z)\<-fa 



e - lTt k t {z,w,t) dt 



A(z,\w-z\)<\t+T(w,z)\<^ \t + T{W, Z)\ 



dt 



1 



rlk 

e~ iTt ^(z,w,t) dt 

^<\t+T(w,z)\<^ Ot 



1 



< 1 + log 

< 1 + log 



i/M 



A(z,\w-z\) 
A(z,\w-z\) 



\t\L 



\r\\t + T(w,z)\ 
1 



^<\t+T(w,z)\<^ (t + T(w,z)Y 



\t+T(z,w)\ = ± 

|t+T(2,U>)| = i 

dt 



(6.3) 



This is actually the estimate we are looking for since log (^ a(z\w-z \ ) ) ~ 1°§ i ^\w-z\ ) 1 Also, the estimate is 
independent of A, so we can let A — > oo. 

Now assume fc > 1. Let »? € C~(R), < 77 < 1, supp^- +T(io, z)) C [-2,2], 77(4 + T(u;, z)) = 1 if \t\ < 1, 
and ?/ fe ' (t + T(w, z)) < Ck- We show the case \w — z\ > ^{z, i). Let Aelbe large. Integration by parts 
n + k times shows: 



-ir(t + T {W:Z))ke{ ^ w ^ r]{t +Tpz 1)dt 



/ 

JR 

E ^ i - (t+n - r> £ ((* + *))"*.(*, », t)) ^3 (a-jpfl) 

E + §^((t + T( W ,z)) n k e (z,w,t) 



3=0 
c 



dt 



,,„,,., , A(z,\w-z\)-^dt+ f \t + T(w,z)\-^dt 

\ r \ \ A J\t+T(w,z)\<A(z,\w-z\) J\t+T(w,z)\>A(z,\w-z\) 



< 



C 



1 

TT + 



r |n + fc ^fc A_( 2 , |W - 2:|) fc 



Sending A — > 00 yields the desired estimate. 
We have one estimate left to compute: the case \w — z\ < fj,(z, -) and n > 1. Let A be a large number. Let 



< Vi, W < 1 so tnat 1 = Vu + W on Let supp^i C [-2,2] and supp^# C {t : \t\ G [§, 2A]}, and 

at" 



assume [f^l < fr if |t| > # and |^| < c n if |t| < 2. Since < M (z, I), A(z, |z- W |) < I. 



jf (*+ T (-^))fc e (z, t) (r(i + 2>, z))) + ^ 2 (r(t + T(w, z))) ) rft 
< c„ / |t + T( W ,z)|"|fc e (z,u;,i)|dt 

diitf(T(t + T(w,z))) 



+ E c ^ 

J=0 



(t + T( W ,z)) ? 



9tJ 



fc e (z, W ,t)e^ r(t+T( ™' z)) ^ 
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Picking an arbitrary term and integrating by parts (n + 2) times, we have 



(t + T (w, z)) n ^^(rjt + Tjw, z))) fcj(g> w> t)e - iT{t+nw , z)) dt 



n+2 

< C„+2 ^ 



1 d k 



(t + T{w,z)) n + 2 dt k 



(t + T{w,z)) n k.(z,w,t) 



d" +2+ >- k ^(T(t + T(w,z))) 



-n-2 + k Q T j Qfn + 2-k 



dt 



If n + 2 + j — fc > 1, the term in the sum has support near pr and -Ar, so it is bounded by 

r n+2-k Qk ( _ d n+2 +i- k llj£(T(t + T(w,z))) 



< 



r n+2 Q t k 

-n. 1 



(t + T(w,z)) n k e (z,w,t) 
1 



|n+2-fe 



Q T 3dt n + 2 - k 
c n A 11 - 1 -* \ T \ n+2 - k A A^oo Cn 



dt 



\t\ |t|"+ 2 \ T \ n - 1 - k A n + 2 ~ k +3 |t| \t\ 
Finally, if n + 2 + j — k = 0, then j = and fc = n + 2 and we have the estimate 

1 <9™+ 2 

C n f 1_ 

l\t+T(w,z)\>^ \t + T(w, z)\ 3 |r|« ' 



1 «n+2 . . 

^^((t + !>, z)) n k e (z, w, t))il4(r(t + T{w, z))) 



dt 



< 



I n+2 



■dt 



□ 



Lemma 6.5. The operator T T has the w- cancellation condition (|3.8|) . 

Proof. Let F r p be a product of | J| operators of the form Y^ p — Z Tp , Z rpn M rp where | J = I + n and 
n = #{j : Y-! p = M Tp } and let <p e C°°(L>(z , 5)). We have 

K T<e (z,w) = / e~ lTt k e (z,w,t) dt, 
Jr 

so that integration by parts yields 

Z Tp K T . € (z,w) = Z Tp f e~ lTt k e (z,w,t)dt 

- A 

dz 



e- tTt kJz,w,t)dt- [ T^-(z)e- lTt Uz,w,t)dt 
Jm oz 

= I er lTt Lk t (z,w,t)dt. 
Jm 

Similarly, Z TPiZ K T , e (z,w) = J m e~ iTt L z k e (z,w,t) dt. Also, recalling that A4f(z,w) = —i(t + T(w ) z)jf(z,w) ) 
we have M Tp K T ^{z,w) = J R e~ lT ^ t+T ^ w ^ Mk e {z,w,t) dt. Thus, 

Y/ p K T , € (z, w)<p(w) dw = J J e~ tTt y J k(z,w,t)(p(w)dtdw, 

with the correspondence that if Y^ p — Z Tp , Z Tp , M Tp , then y j = L,L,A4 respectively. Integrating (n + fc) 
times gives us: 

Y T J p K T , e (z,w)ip(w)dw= [[ {y J k e )(z 7 w,t)e- tTt v (w)dtdw 



Cxi 



Cn+k 



+ 



-■n+k 

Cn+k 



n+k 



T 



CxR 



Cxi 



Qn+k \ 

0^y J ) k e {z, w, t)e- 1Tt tp(w)ri(w, t) dtdw 

Qn+k 



Q t n+k • 



y J h(z,w,t)e- tTt (p(w){l - n(w,t))dtdw 



(6.4) 



where rj 6 C£°(C x 1) is a bump function on Bmi{{z, 0), S). To estimate the integrals in Q6.4[l . the strategy 
is to expand ^ g t „+ fc y J ^j k e (z, w, t) and estimate an arbitrary term. It is important to remember that in y J , 
n of the terms are M. and an L or L can hit either an A4 term or k e (z, w,t). 
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Expanding (jp7Tfc3^ J ) k e (z,w,t), we see 

gn+k 



f^n-\-k 

E 

\J \ + -+\J n 



Q t n+k 



t)H(-i)X J *(t + T(w,z)) 

3 = 1 



E c\M,.~AJ„\<*o,...^ W ;X Jo k e iz, w, t) JJ 1537** (t + T(w, z)), 



*(H he„ = n + k 



(6.5) 



3=1 



where is an operator composed only of Af J = 7 and L. We pick an arbitrary term from the sum and 
show that it has the desired bound. Taking an arbitrary term from (|6.5fl . we estimate the integrals from 
l|6.4l) which reduce to the following two integrals: 



and 



I = 



II : 



I f I d e ° -A- 



r n+fc 



3=1 



f)ta n fit] 

—X Jo k e {z, w, t) TT TT-j- A" Jj (t + T(w, z))e- ,T VH(l - 17(11;, t)) didw 



where \Jq\ + ■ ■ ■ + \Je\ = £ and £q + ■ ■ ■ +£ n = n + k. Using Proposition 14.41 and the cancellation condition 
13. 8(1 . 7 has the estimate: 



Jo Mo 



(e^) J] ( oft**' (* + z )) J *) 



3=1 



< -. £o SUp 2^ ^ M 2^ C /o,...,/„h 



| T |n+fc A ( 2 ,^o ^ 



\I\<N lJol t |/ | + -+|/«+i| = 



X Io (e~ lrt ip{w)) 



[] I ^ m X J > (t + T(w, z)) J i) 

3=1 



< J^A(«,*)-*^ sup J] 5l^l|^(e--V(^ 

|iol<JV| J \,l 



I T I w ir i<- 7v 

-'0|<JV| J |,f 

To estimate 77, we use size estimates and the support size of ip. 



II < 



Cn,t\\<p\\l, a 



d NI {z,w,t) m ~ 2 '\ J o\ 



\ r \ n+k J\w- Z0 \<s J\t+T( w , x )\>A(z,S) Hz,d N i(z,w,t)y+to 

A(z,d NI (z,w,t)) r ' 



d N i(z,w,ty j i\ + -\ J ™\A(z,d N i(z,w,t)yi+--+ e ™ 



dtdw 



<7^Ml°° [ [ ii{z,t + T{w,z)) 

\ T \ J\w-zn\<& J \t+T(w,z)\>A(z,S) 



\t + T(w,z)\ n + k - n + 1 



dtdw. 



(6.6) 



If m < 2 or m = 2 and £ > 1, then we use the substitution s — fi(z,t + T(w,z)) 1 , so |-4f | ~ \t + T(w,z)\ 1 and 



16.61 1 becomes 



n<^\\<p\\ L ~A(z,5)- k 5 2 



l-m+t 



ds<^M\ L ~A(z,6)- k 6 m - e . 



If m = 2, £ = 0, and fc > 1, then a straightforward integration shows that 7/ < ^".i^ IMU°° A(z, (5) fe (5 2 . 
The integral in (|6.(i|) diverges if to = 2 and £ = k = 0, so we must estimate the tail term more carefully in 
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this case. With m = 2, £ = 0, and k = 0, 16.61) simplifies to 



e~ ltT -^k e (z,w,t)(t + T{w,z)) n ( " ^("0(1 -*?(«>, 



The key to this estimate is to recognize that J^-fe e (z, w, t)(t + T(w, z)) e ° satisfies the estimates of an order 
2 NIS operator. To integrate in t, we use the argument of l|6.3fl with 6 replacing \z — w\ and see that 

|J/| - W / c ^ w)|log Mb))^ ~ ^^(^Jll^-ff)- 

Note that log( TA( ^ ^ ) ~ log(^p^). While this estimate is true for all r and <5, the previous estimate of II 
shows that we only have to consider the case when 6 < fi(z, ^) or equivalently, tA(z, 6) < 1. □ 

Lemma 6.6. The kernel K T ^ satisfies the r- cancellation condition (|3.9[) . 

Proof. Since T~ X T = I in the sense of Schwartz distributions, 

^(z,i + T(u;,z)) m -l J l 



\X J k(z,w,t)\ < C vn 



l V{z,fx(z,t + T(w,z)))) 

implies ^ J R X^ p (^e lTt K T >e (z, w)^j air — X J k(z,w,t) satisfies the same estimates. □ 

The proof of Theorem 16. II is complete. 
6.2. An OPF operator T T on C generates an NIS operator k on Cxi. 

Theorem 6.7. A OPF operator T T of order m < 2 with respect to the subharmonic, nonharmonic polynomial 
p generates an NIS operator k of order m < 2 on the polynomial model M p — {(z\, z?) € C 2 : Im Z2 = p(zi)}. 

We prove Theorem 16. 71 in the same manner as Theorem l6.ll Remark 16.21 applies to Theorem 16. 71 as well. 

Lemma 6.8. The operator k satisfies the NIS cancellation conditions (|3.12(l . 

Proof. Let <p G C£°{B((z, i),8)). Also, let <p{z, r) = f & e~ lTt ip(z 7 t) dt be the partial Fourier transform in t 
of tp(z,t). Let 77 G C™(R) with suppry C [-^J^y, j^} and v {r) = 1 when r e [-^y, j^jy]. Let X J 
be a product of \J\ operators of the form of X* = L z and L z . Then 

1 

2n 



X J [ [ k £ (z,w,t— s)ip(w,s)dwds = — [ [ [ X J (e lT ^ s ^K T ^(z,w))(p(w,s)dTdsdw 

2tt Jc Jr Jr 

X^ p K Te (z,w)ip(w,T)dwdT = — [ e ltT X'l I K T e (z,w)<p(w,T) dw n(r)dT 

2tt J k y Jc 



1 

~2tt 
1 



e ltT X? p I K Tte (z,w)<p(w,T)dw{l-r)(T))dT = I + II. 



We estimate / and II separately. We first do the case m < 1 or m = 2 and \J\ > 1. By . 

|I| < c, j|^-l J l / sup V 6W\xL(v(w,t)ti(t)) dr 



J \ f SUp 6 W \Xr P (rt.™,T)v( 

Jr w \i\<n w 

J \ [ |7?(r)|sup SVvWwdT 
Jr w ,ix»t 



\I\<N\j 

< c\j\5' 



m<jvui 

< ci^^-l- 7 '— ^— £ ( 5l 7 l||A'^|| i o 0(CxR) A(z,«5). 

lZ ' j |/|<JV|J| 

The last line follows from Holder's inequality and the size of suppy. The only difference between the m = 2, 
J = case and the previous estimate is the logarithm term in 13.811 . The term to estimate is 

v(t)5 2 log( tA( 1 z s) ) sup \<p(w, t) I dr (6.7) 
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However, integration shows that J A(z ' 5) log( TA( 1 2 s \ ) dr = A , * s , , so <|6.7|) simplifies to 



TTT-7T 



1 



^ 2 ||<P||l~(CxR) / l °S(7AT71)) dT = ^ 2 |I^IU-(CXM)77 — ?T £ <5 2 |klU°°(CxR) 



rA(z,rS) V ™ ' " NT- Mi,— £\ 

We estimate II in a similar fashion. We first cover the case when m < 1 or m = 2 and \J\ > 1. 



1^1 



1 

~ 2^ 

< C|Jj 



f \ T \-^-\J\ J2 S^\\r 2 X^( W ,r)\\ L ^ {w) dr. 



(6.8) 



The terms in the sum can be rewritten the more useful way: 

||t 2 XV(w,t)|| L oo W =sup -!- / T 2 X^ p e iTt V (w,t)dt 



= csup 

Using the estimate from (|6.9[1 in (|6.8I) 



< c 2 A(z,t) 



fl 2 



(6.9) 



L»fCxI 



T|> A(z,5) |/|<iV|j| 

d 2 , 



dt 2 



<<Vl<* m_|J| £ 5 |J| A(^,J) 

|J|<iV|j| 

<c m s m -\ J \ £ ^l*VK*)|U (Cx 



^2 



L~(CxI 



9i 2 

* J )p(tu,i) 



A(z, S) dr 



L™(Cxl) 



(6.10) 



l'l<^! 



In the final estimate, we used the fact that A(z, <5) Jj can be generated by commutators of SX terms. As in 
/, the difference between the m = 2, J = and the case already estimated is the logarithm term in (|3.8[) . 

However, J^zS)- 1 ——^fs^—dr — A(z,<5), so we can repeat the estimate in (|6.10|) replacing |r|~ 2 with 



and achieve the same conclusion. 



□ 



Lemma 6.9. The operator k has the NIS size conditions H3.11J) . 



Proof. It is enough to find the estimate on \k e (z,w,t)\. We handle the m = 2 separately. First assume 
m < 1. If dNi(z, w, t) = \z — w\, then we break the integral in two pieces and estimate each piece separately. 



/ e lTt K T Jz, w)dr = ±- [ e* Tt K T 4z, w)dr + ^- [ 

27r J\r\< kl . ,1. Z7T J\t 

Estimating the first integral gives us 



A<*,|i«-*|) 



|t|> 



e iTt K Tie (z,w)dT. 



A(*,|*>-»|) 



|T|<; 



e iTt K T , € (z,w) dr 



< Co 



\w — z\ r 



\w — z\ 2 A(z, \w — z\) ~V(z, dNi(z, w, t)) 
-2, 

\w - z\ m 



d N i(z,w,t) r 



= A(z,]»-*|) 

The tail term is no harder: by l|3.6(l with £ — n — and k = 2 



e JTt X T , e (z, to) 



A(z,|™-*|) 



< c 2 



< c 2 - 



|uj - z\ 2 A(z, \w - z\) 2 J ]r] >_L_ t 2 
\w - z| m 



' | to — z| 2 A(z, |to — z\) 

The case djv/(z, w, t) = (j,(z, t + T(w, z)) is the r-cancellation condition (|3.9|l . 
Now assume m = 2. The estimate to prove is 

1 



V{z,d NI (z,w,t)) A(z,d N i(z,w,t))' 



OPF OPERATORS 
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Let 7] S C C °°(R) where suppr/ C [-2,2], t](t) = 1 if |r| < 1, < r\ < 1, and §^(t) 
A = A(z, d,Ni{z, w, t j). We have 

k e (z,w,t)= / e iTt K Tj€ (z,w)T](rA)dr + / e lTt /s: T , e (z, w)(l - 7?(rA)) = / + 77 



< CV. Let 



Before we estimate /, observe f£° ds — — /c^f- + it^ttx- Also, with the change of variables s 



I St I |u;-z| ] 



iy and A(s, |u> — z|) ~ t^t, so 



/ < 



/ log (^4) dr ~ / 



logs 



inf 



logs 



m(^.a) j,fc>i |a| fc ||w - sJ+ fc+1 



a) sA(z, |w — z|s) 



rfs 



< inf 



j,k>i \a? k \\w - z|J'+ fe 



< inf 



Mm) 

\w - z\i +k 



j+k+l 



j,k>i \a z jk \\w - z\i+ k fi(z,Ay+ k A(z,fi(z,A)) A' 

To estimate II, we need to separate the cases A — A(z, \w — z\) and A = \t + T(w, z)\. We first do the case 
A = A(z, \w - z\). By (ESI with k = 2 and £ = n = 0, 



1 .dr 1 



r 2 A 2 A' 



Now assume A = \t + T(w, z)\. Then 



II < 



1 



(t + T(w,z)Y 



Jr(t+T(w,z)) 



-•tT(ib,z) 



K T , e (z,w)(l-r)(r\t + T(w,z)\))) dr 



If both r-derivatives are applied to K T<L , 
1 



(t + T(w,z)) J\r\> ]t+T l^ z)] 
1 



<9t 2 



dr 



(l- V (r\t + T(w,z)\)) dr 
1 



Next, if one r-derivative is applied to K T e and one to 77, then 



1 



(t + T( W ,z)) 7|r|>^i 



1 



^7 



(e- iTT ^Jf Tje («,«;)) 



(t + T(u>, z)) 



T/(T|* + r(«7,*)|))dT 

1 



H- T^rfa T (* + T(w, z)) 



Finally, if r] receives both r-derivatives, i \K T ^(z, w)\ rf"{r\t + T(w, z)\)) dr 



(t+T(w,z)) 



□ 



Proving Theorem 16 . II and Theorem 16 . 71 proves Theorem 12. 21 
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